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Abstract 

We study the stability of fuzzy S'^ x x S'^ backgrounds in three different IIB type 
matrix models with respect to the change of the spins of each S"^ at the two loop level. 
We find that S"^ x S'^ x S'^ background is metastable and the effective action favors a 
single large S'^ in comparison to the remaining S'^ x S"^ in the models with Myers term. 
On the other hand, we find that a large S'^ x S'^ in comparison to the remaining S'^ 
is favored in IIB matrix model itself. We further study the stability of fuzzy S'^ x S'^ 
background in detail in IIB matrix model with respect to the scale factors of each S'^ 
as well. In this case, we find unstable directions which lower the effective action away 
from the most symmetric fuzzy S"^ x S"^ background. 
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1 Introduction 



Why the spacetime is four dimensional is an interesting question in our quest to understand 
the origin of universe. Nowadays sting theory is a leading candidate of quantum gravity, and 
IIB matrix model is a candidate of a non-perturbative formulation of string theory [1, 2]. 
Matrix models may be useful to answer this question if they can consistently describe the 
dynamics of gauge fields and quantum gravity as expected. 

In IIB matrix model, the spacetime may be represented by a particular configuration of 
matrices. When we are given a matrix configuration as a background field, we can examine 
its stability by investigating the behavior of the effective action under the change of some 
parameters of the background. In this framework, the stabihties of fuzzy 5"^, S"^ x S'^ [7, 8] 
and x [10] have been studied. This paper extends these investigations into a simple 6 
dimensional manifold. 

In the previous investigations, the large scaling behavior of the NC gauge theory on 
these manifolds has been clarified [7]. In supersymmetric models, the effective action scales 
as iV^, N and ivt in 2, 4 and 6 dimensional manifolds respectively ^. It always scales as 

and the one loop approximation is exact in bosonic models [9]. A major purpose of this 
paper is to explicitly verify the predicted scaling behavior of the effective action (N^) at the 
two loop level for a simple 6d fuzzy manifold. 

In Gaussian approximations, it has been found that 4 dimensional spacetime tends to 
minimize the effective action [11, 12]. The advantage of our approach is that the effective 
actions on homogeneous spaces are much lower than those in the Gaussian approximations 
which are 0(A^^). It is because supersymmetry is broken only softly on homogeneous spaces. 
Although IIB matrix model is supersymmetric, supersymmetry cannot be respected on com- 
pact homogenous spacetime. It is precisely why we obtain nonvanishing effective action on 
these manifolds. It has been a great challenge to explain 4 dimensionality in string theory 
since the vacuum degenerates as long as it is supersymmetric. In nonperturbative formula- 
tion of string theory, the extension of (Euclidean) spacetime may be inevitably finite. Such a 
view is consistent with finite entropy of de Sitter spacetime in which we are likely to live in. 
IIB matrix model suggests that the vacuum degeneracy may be lifted due to finite extension 
of spacetime. 

^We subtract the universal gauge volume of SU{N)/Zn from the matrix model effective action. 
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Fuzzy S'^ can be embedded in Hermitian matrices as 



A = fJ^, (1.1) 

where ji are the generators of SU{2) with spin I and / denotes the scale factor of this 
background. The spin I determines the size of in our group theoretic construction of 
S'^ — SU {2)/U{l) and we can also introduce the scale factor / to vary the overall size of -S"^. 
Thus the parameters of S'^ in matrix models are a spin I and a scale factor / for each S'^. 

After setting up our calculation procedure in section 2, wc first investigate the stabilities 
of 5*^ X S*^ X S*^ in three different matrix models with respect to the variation of the spins 
while assuming the identical scale factor / for all S'^'s. In section 3 and 4 we find that 

X S'^ X S"^ background is met ast able and the effective action favors a single large S"^ in 
comparison to the remaining 5*^ x S"^ in the matrix models with Myers term. On the other 
hand, we find that a large S'^ x S'^ in comparison to the remaining S'^ is favored in IIB 
matrix model itself in section 5. These findings are consistent with previous studies [7, 8]. 
We subsequently investigate S'^ x S'^ and S'^ x S'^ x S'^ in IIB matrix model with respect to 
the variations of the spins and scale factors in section 6 and 7. In this case, we find unstable 
directions which lower the effective action away from the most symmetric fuzzy S"^ x S"^ 
background as suggested by [10]. We conclude in section 8 with discussions. 

2 IIB type matrix models on fuzzy 5^ x 5^ x 5^ 

Since our motivation is to explain the 4 dimensionality of spacetime in superstring theory, 
it is natural to investigate the stability of fuzzy S"^ x x in IIB matrix model [1] 

Shb = -\Tr [A,, A^f - ^Tri^V , [A,, ^] , (2.1) 

where A^ and are N x N Hermitian matrices. We also investigate a deformed model with 
Myers term[3, 4, 5, 6] 

SMyers = '^ff^upTr [A^, A^] Ap. (2-2) 

It is because fuzzy 5"^, S'^ x S'^ and 5"^ x 5"^ x S"^ become classical solutions after such a 
deformation since the equations of motion are 

[A^,[A^,A,\\ + i^,L,'ip^ - I Q (without Myers term) ' 

r^K,V] = 0. (2.3) 
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This modification docs not alter the convergence properties of IIB matrix model [13] while 
it breaks supersymmetry softly. 

After adopting fuzzy S"^ x x S"^ as a background field, we separate and ip into 
background fields p^, x quantum fluctuations a^, ip. 

^ = X + V- (2.4) 

Since fuzzy can be realized as in (1.1), we take the following and x to represent fuzzy 
S^xS^xS^ as 

Pi. = /(J;,®l®l)®ln (/i = 1,2,3), 

Pn = / (l (g) (g) l) (g) 1„ (/x = 4,5,6). 

Pi, = /(l®l®j^)®l„ (/i = 7,8,9), 

Po = 0, 

X = 0. (2.5) 

where j^, and are the angular momentum operators with spin li, I2 and 1^ respectively. 
1„ represents the n x n identity corresponding to n coincident fuzzy S"^ x S"^ x S"^. This 
background is a classical solution when Myers term is added while it becomes a quantum 
solution in IIB matrix model at the two loop level when the effective action is stationary 
with respect to /. 

p^'s satisfy the SU{2) algebras as follows 

' f<^f,up (/i, z^.p) G (1,2,3) 

fe^^up (/X, ly, p) e (4, 5, 6) 

fe,,vp {f^: V, p) e (7, 8, 9) 
(others) 



ixvp 



We can construct the Casimir operators in the respective representations as 

E (pm)' = /%(^i + i), 

M=1.2,3 

E ip.f = /%(^2 + i), 

M=4,5,6 

E iP.f = /%(^3 + l). (2.6) 

H=7,8,9 
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Since the right hand side of the above equations are the squared radii, the spin and scale 
factor / determine the size of each S"^ . The dimension of the matrices is 

N ^n{2h + l){2l2 + l){2k + l). (2.7) 

As we can see, this background represents a simple six dimensional spacetime. The 
choice of S'^ facilitates us to carry out detailed analysis of the effective action since the 
representations of SU (2) are well known. By varying the representations (spins) of respective 
S^, we can explore the whole range of the manifolds from the 2 dimensional limit with a 
single large S"^ to the 6 dimensional limit with a large S'^ x S'^ x S'^ with the identical radii. 
We can thus explore which dimensionality between 2 and 6 is favored by the effective action 
in this class of backgrounds. 

The effective action can be evaluated in a background gauge method by substituting (2.4) 
for (2.1) and (2.2). We introduce a gauge fixing term Sgf and a ghost term Sgh for gauge 
fixing. The gauge fixed action is 

^IIB = ^IIB + Sgh + Sgf 

+^Tra,,{5^''P' + 2i/^,,P,)a, - ^Tr^F'^P^ip + TrbP^c 

1 2 

-TrPptty [a^, ay] - -Tr [a^,, a^] 

—TripT^ [a^, <p] + TrbP^ [a^, c] , (2.8) 

S Myers — '^ffii^pTv \Pf_i^Pu] Pp + iffiupTv \Pfj,^Pu] dp 

-ifixupTrafj^Ppa^ + -ff^upTr [a^, a^] Up. 

where P^X = and 

Sgh = TrbPp,\p^ + a^,c], 
Sgf = -lf'r{Ppa^f. 

3 Bosonic matrix model with Myers term 

In this section, we investigate a bosonic matrix model with Myers term whose action is 

S = ~Tr [A,, Ayf + y,ypTT [A,, Ay] Ap, (3.1) 
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(2.9) 



(2.10) 



where /x = 0, 1, ■ ■ ■ , 9 in correspondence to IIB matrix model. We certainly require 9 matrices 
to construct fuzzy x x S^. Although we are eventually interested in IIB matrix 
model, bosonic models are simple enough to admit exact solutions in the large limit. Our 
prediction can be verified by comparing with numerical investigations [9] . For this purpose, 
it is useful to generalize the classical solutions as follows: 

P^^ = l)®ln (/x = 1,2,3), 

= ® 1„ (/x = 4,5,6), 

= /3(l«)l«)J^) ® 1„ (/i = 7,8,9), 

Po = 0, 

X = 0. (3.2) 

The shift of (3 away from the classical value of / is required to take account of quantum 
effects. Since the tree and the one loop contributions dominate in bosonic models in the 
large N limit as we shall see, this approach enables us an exact investigation within this 
class of the backgrounds. 

The tree level effective action is 

1 i 
^tree = -^Tr{p^, p^]'^ + - f^upTr [p^ , p^] Pp 



8N^ 



m'-m 



-(ri + r2 + r3). (3.3) 



2^n3N3 



Here the large limit is taken when we proceed from the 1st to 2nd line {h,l2,h ^ 1) and 
the following ratios which measure the relative sizes of ^^'s are introduced 

The leading term of the one loop effective action in the large N hmit can be evaluated as 



]- [\xdYdZ\og{nX + r2Y + rsZ)). (3.5) 
Zo Jo ' 



128 

The magnitude of the two loop effective action can be estimated by the following power 
counting argument. The two loop amphtude diverges as the eighth power of the cutoff {N^) 
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while it is suppressed by a power of which is associated with the interaction vertices. 
Since the one loop amplitude is 0(A^^), we need to adopt the 't Hoot coupling (iV^//^) in 
such a way to make the tree contribution of O(iV^) as well. With such a choice, the two 
loop amplitude scales as A^s. Since the tree and the one loop amplitude scale as N , we can 
safely ignore the two loop amplitude in the large N limit. The analogous argument shows 
that we can ignore all higher loop contributions and the one loop effective action becomes 
exact in the large N limit. 

In this way, we obtain the effective action in the large N limit as 



r = 



2 
3 



J. 



25Af 



(ri + r2 + ra) 



+ log /3 + J log ^ + /' dX dY dZ \og{nX + rsF + r,Z) 
3 8n 128 Jo ^ 

where Ai is the 't Hooft couphng: 



A? 



(3.6) 



(3.7) 



To minimize the effective action, we have to solve ^ = 0. This condition determines the 



scale factor (5 as 



/ 



1 
4 



\ 



-- iA\ 1 

2 ^^4^rT^^ 



(3.8) 



where 



9{A) 



2lA 



35 (9^ + a/3V27A2 _ 128^3^ ' 



+ 



(9^ + \/3V27A2 - 128A3) ^ 



6f 



(3.9) 



and A — 2 . We find that this solution exists in the weak coupling regime where 

21 Q 

77,3 TVs 3 

\l = — ^ < ^(ri + r2 + rs) ~ 0.0198 at n = r2 = rg - 1. 



(3.10) 



Beyond this critical point, the fuzzy 5*^ x S*^ x S"^ background no longer exists. Just like [9], 
this point separates the background distributions between the collapsed phase and the fuzzy 
S^xS^x phase. 

After plugging (3.6) into (3.8), we can estimate the effective action by performing the 
triple integrals numerically for each Ai. Fig.l shows T/SN'^ against t — h/h — h/h for 
A^ = 8 X 10^ and A? = 0.0197, 0.005, 0.001. t = 1 corresponds to the most symmetric fuzzy 
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Figure 1: T/SN^ against t = h/k = k/h ioi N = 8 x 10^ and A? = 0.0197, 0.005, 0.001. 




5*^ X S*^ X S"^ background. As t — >■ oo, the background approaches fuzzy 5*^ x 5*^ while it 
approaches fuzzy S'^ as t ^ 0. 

From Fig.l we can see that fuzzy S*^ x S*^ x 5*^ background is not stable. To explore 
whether it tends to decay into 5"^ x 5"^ or 5"^, let us examine the behavior of the effective 
action in more details. When we fix I1/I3 — 100 and vary I2/I3 between 1 to 100, the action 
behaves as Fig.2. Here, I2/I3 — 100 and I2/I3 — 1 in Fig. 2 correspond to t — 100 and 
t — 0.01 in Fig.l respectively because of the equivalence of the three -S^'s. As we observe 
r is smooth with respect to h/h and I2/I3, and does not develop a local minimum, we 
can convince ourselves that 5"^ is favored in this example. The situation hke this holds for 
the other combinations of /1//3 and I2/I3 when one of them is large enough. Therefore we 
conclude that fuzzy x S"^ x S"^ background is not stable in the action (3.1), and it decays 
toward fuzzy S^. 

4 Deformed IIB matrix model with Myers term 

In this section, we study a deformed IIB matrix model with Myers term whose action is 

S = -^Tr [A„ A,f - ^Tr^pr, [A„ ^] + '-f,,,Tr [A„ A,] A,. (4.1) 

We investigate the stabihty of the fuzzy S'^ x S'^ x S'^ background (2.5) which is a classical 
solution in this action ^. 

The effective action can be evaluated by extending the procedures in [7]. The results in 
the large N limit are 

2^41 fN's , 

Ftree - -n^^^ — — ^(ri + Ta + rg), 

/4 77,3 

V2-100, ^ -^^^^7^^^(2^3 + 4/4], (4.2) 

/a and /4 are defined as the following multiple integrals 

/■4 dXdYdZdLdMdNdAdBdC 
Jo {nX + r2L + r3A){riY + r2M + r3B){riZ + r2N + r3C) 
xW{X, Y, Z)W{L, M, N)W{A, B, C), 



h 

- I 

Jo 



4 dXdYdZdLdMdNdAdBdC 



{nX + r2L + r3Ay{nY + raM + r3By{nZ + r2N + rgC) 



^We need not generalize / into (3 here since there are no tadpoles at the one loop level . 
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X 



rlXY + rlLM + rlAB + -^{Z -X-Y){N -L-M) 



X + -^{Z -X- Y){C -A~B) + ^{N - L - M){C - A - B) 
xW{X,Y,Z)W{L,M,N)W{A,B,C), (4.3) 

where W{X, Y, Z) is the asymptotic formula of Wigner's 6j symbols which appear in the 
interaction vertices: 



^ (4.4) 



This approximation is valid in the uniformly large angular momentum regime. Since the 
effective action is highly divergent, we argue that this approximation is exact in the large N 
limit. 
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Figure 3: T/n^/^ivVs against t = h/h = h/h for \l = 0.5,0.1,0.01. 



The effective action at the 2-loop level is 



Ti + r2 + ra ^ 1 



24A^ 



dXdLdA 



riX + + 



2 I + 4/4 



(4.5) 
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It is indeed of 0{N3) after choosing the 't Hooft couphng A2: 

Xl = (4.6) 

In the same way as in the previous section, we have estimated this effective action numeri- 
cally. From Fig. 3 we can observe again that the fuzzy x S"^ x 5^ background is not stable. 
The same analysis in the previous section can be used here to determine into which config- 
uration it tends to decay From such an analysis we conclude that the fuzzy 5*^ x 5*^ x 
background decays toward fuzzy S^. It is interesting to observe that x S'^ x S'^ becomes 
a local minimum of the effective action at t — 1 when the coupling A2 is strong enough. 

5 IIB matrix model analysis with respect to spins 

After investigating bosonic and supersymmetric models with Myers term, we evaluate the 
effective action for IIB matrix model (2.1) with the background (2.5). The results are ^ 

Ftree ^ ^3 ATs + ^2 + Tg), 

o 77,3 

^i-ioop - O(ivi), 

r2_wp ^ nlm^-u (5.1) 

4 

We can explicitly check that the effective action scales as at the two loop level with the 
following choice of the 't Hoot couphng 



4 

l2 



3 7V 

4 

713 



^iTVi (-^(ri + r2 + r3) + ^/3j, 



^2 = r- (5.2) 

Since the 't Hoot coupling which is set by the overall scale of the background becomes a 
dynamical variable, we can minimize the effective action with respect to it for fixed repre- 
sentations: 

Tmrn — '^'\J^tree^2—loop- (5.3) 

We can now explore the minimum of the effective action (5.3) with respect to the rep- 
resentations {h,l2,h)- Fig.4 shows F^nj^i/niiVt against t = I1/I3 = h/h- We note that the 
^The two loop amplitude T2-I00P is evaluated in the Appendix with generic scale factors. 
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Figure 4: Tmin/rv"^N^'^ against t = /1//3 = h/h- 



action is decreasing faster in the t > 1 region than t <1 region. We may thus conclude that 
fuzzy 5^ X S"^ X S"^ is not stable and it tends to decay toward fuzzy S"^ x S"^. This result is 
consistent with the previous investigations [7, 8]. 

We can further demonstrate that the action (5.1) reduces to that of S'^ x S"^ when we 
take a limit /i, I2 ^ h- It is because we can reexpress (5.1) as 

N 



V" 

tree 



V" 

^ 2-loop 



(r + 1/r + R) 



2N\lll / dXdYdZdLdMdNdAdBdC 
Jo 



W{X, Y, Z)W{L, M, N)W{A, B, C) 



{rX + r-^L + RA){rY + r-^M + RB){rZ + r-^N + RC) ' 



R 



h 
I2 



(5.4) 



Here, we set n = 1 for simplicity. 



Fig.5 shows T':^JN = 2^V'l,,, ■ T'i_i,jN against t = h/h = h/h for iV = 8 x 10^. It 
demonstrates that the effective action scales in a 4d fashion as the background approaches 
X S\ 
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Figure 5: V'^^^/N against t = /1//3 = ^2/^3- 

6 Stability of fuzzy S'^ x S*^ background 

In this section, we investigate the stabihty of fuzzy S"^ x S"^ background in detail with respect 
to the scale factors in addition to the change of the representations (spins). Our investigation 
is motivated by an analogous study for the fuzzy torus case [10]. 
We consider the background of the following type: 

= (/i= 1,2,3), 

P^. = f2[l®J,) (/i = 4,5,6), 

= (/i = 7,8,9,0), 

X = 0. (6.1) 

Here we set n = 1 for simplicity. It generalizes the background in [8] where the identical 
scale factor /i = /2 is assumed. 

The effective actions are evaluated as ^ 

"'it can again be read off from r2-ioop in the Appendix. 
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T\_ioop = O(logiV'), 
T'2-ioop = 4:N'X'^ f dXdYdZdLdMdN 



X 



{rqX + j-^LfirqY + j-^M){rqZ + j-^N) 



xW{X,Y,Z)W{L,M,N), (6.2) 



where 



A"-2(.2,,A'^^^,,^|.^|. (6.3) 



Fig. 6 and Fig. 7 show T'^^^/N' = 2^V[^^^ ■ against r and q. The points rep- 

resented by squares possess smaller effective actions than that of the most symmetric point 
r = q = 1. Furthermore ^Jrq (the scale ratios of the two S"^) also decreases in this domain. 
Therefore we find that fuzzy 5*^ x 5^ background is not stable when the both spins and scale 
factors are allowed to change at the two loop level. 
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Figure 6: 3D plot:r^j„/A^' against r and q. r — q section. 
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Figure 7: 3D plotiF^j^/A^' against r and q. r — V'^^,^/ N' section. 

7 Local stability of the backgrounds 

In the previous sections, we have investigated the stabihty of the backgrounds globally by 
performing the multiple integrals numerically. In this section we also investigate the local 
stability of the most symmetric background with respect to the small variations of the spins 
and scale factors. 

In 5*^ X 5*^ case, the minimum of the effective action (6.2) under the variations of r = 
1 + 5, g = 1 + e, (5, e ^ 1) becomes 



r' • 

mm 



N' 



'^y^iree ' ^2-loop _ G 



G 



(X + gVL)(l +gV)r2 



\ (X + g2r2L)2(F + q^r^M){Z + q^r'^N) / 
2F' + i-^F' + Q\Cf + Q\e\^)6^ 
+ 2{\C'f + |ef + (-4F' + 8\C'f + 8\e'f)6e, 



(7.1) 



where 



F' 



{X + L){Y + M){Z + N) r 
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'12 ^ ^ 

\{X + Lf{Y + M){Z + N) ^ 
I LM 



~ \{X + L)^(Y + My{Z + N) / ' 
(...) = dXdYdZdLdMdN ...W(X,Y,Z)W(L,M,N). (7.2) 

^0 

We can estimate F', |C"p, je'p numerically as follows 

F' = 3.263930 ± 0.19 X 10-^ 
|C"|2 = 1.056778 ± 0.94 X 10-^ 

l^f = 0.8630541 ± 0.68 x 10"^ (7.3) 

Let us consider the following ratio: 

G 

— = 2 + 0.02925^ + 1.18e^ + 0.706e5. (7.4) 

To explore the stability of the background, we evaluate the eigenvalues of the quadratic 
forms in 5 and e above. The eigenvalues are 

1.28, -0.07. (7.5) 

Since we find a negative eigenvalue, we conclude that S'^ x S'^ is not stable in such a direction 
around the most symmetric point. 

The same analysis can be apphed to S'^ x S'^ x S"^. In this relevant background 

corresponding to (6.1) is 

P„ = fl{ji.®l®l)^ln (/X= 1,2,3), 

= /2(l® j/.® l) ® In (At = 4, 5, 6), 

= /a (l ® 1 «) i/.) «) In (// = 7,8,9), 

Po = 0, 

X = 0. (7.6) 

We evaluate the two loop effective action for this generic background in the Appendix. The 
minimum of the effective action with respect to the 't Hooft coupling is 

^4/3^1/2 

r . — 

■■- nun — 2^/"^ ' 
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(X + g|riL + qlriA)^iY + qlr^M + qlrlB){Z + qlrlN + qlrlC) 
dXdYdZdLdMdNdAdBdC . . . 
X W{X, Y, Z)W{L, M, N)W(A, B, C), 



n n Ji Ji 

The functional dependence oi H on ri — 1 + Si, qi — 1 + €i is 

H = 3F+{9\C\' + 9\e\'-^F){Sl + Sl)-{^F-9\C\')S2S3 
+ (9|Cp + 9|er - ^F)(6^ + el) + {F - 3\C\')e,e, 
+(12\C\' + 12\s\'-^F){52e2 + 5se^) 
+ (-^F-6|Cp + 12|£p)(<52e3 + '53e2), 



where 



\c\ 



F 

2 



{(X + L + A){Y + M + B)(Z + N + C)) 
I A^ 



(X + L + Af{Y + M + B){Z + N + C)/' 

AB \ 



{X + L + A)^{Y + M + Bf{Z + N + C)^ 
We can estimated F, |Cp, |£p numerically as follows 

F = 3.993 ± 0.25 X 10-^ 
\C\^ = 0.6032 ± 0.46 X 10-^ 
|£|^ = 0.4656 ± 0.11 X lO-l 

It is again useful to consider the following ratio: 

^ = 3 - 0.26(52' + 5|) - 4.3^2(^3 
F 

+0.91(e^ + e2) -0.556263 
+0.55(^262 + 5363) - 1.0(^263 + 5362). 

The eigenvalues of this quadratic form are 

-2.43, 2.39, 0.69, 0.65. 
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The existence of the negative eigenvalue imphes the instabihty of this background. If we 
consider the ^2,^3 subspace, the eigenvalues are 

-2.41, 1.89 (7.13) 

indicating the instability of this background in agreement with section 5. 

8 Conclusions 

In this paper we have investigated the effective action of matrix models with S"^ x S'^ x S"^ 
backgrounds at the two loop level. This class of 6 dimensional manifolds can be constructed 
by using SU (2) algebra which facihtates us to evaluate the effective action. We can change 
the size of each S"^ by choosing different representations (spins) of SU{2). Therefore we can 
probe manifolds of different dimensionality such as S'^ (2d), 5^ x S'^ (4d) and x x 
(6d) by collapsing some of 5'^'s. Since the background with the smallest effective action is 
most likely to be realized in a particular model, this investigation may shed light why our 
spacetime is 4 dimensional in IIB matrix model context. 

In the previous investigations, the large N scaling behavior of the NC gauge theory on 
these manifolds has been clarified. In supersymmetric models, the effective action scales 
as N'^, N and in 2, 4 and 6 dimensional manifolds respectively. It is always 0{N'^) 
and the one loop approximation is exact in bosonic models. We have indeed verified this 
scahng behavior for 6 dimensional spacetime at the two loop level. With the presence of 
Myers term, S'^ configuration is favored since the effective action can become negative. On 
the other hand, 4 dimensional spacetime is favored in IIB matrix model since the effective 
action is positive definite. 

In accord with these expectations we find that the fuzzy S*^ x S*^ x S"^ background is not 
stable when we vary the ratios of the spins in the following matrix models 

• lOd bosonic matrix model with Myers term, 

• IIB matrix model with Myers term, 

• IIB matrix model. 

In the first two matrix models with Myers term, S"^ x S"^ x S'^ tends to decay toward S'^. 
On the other hand S'^ x S'^ x tends to decay S'^ x S'^ in the last one. These results are 
consistent with the previous works [7, 8]. 
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We have further investigated the effective action around the symmetric S"^ x S"^ in detaiL 
Under the change of the ratios of the scale factors in addition to the spins, we find there are 
unstable directions of the x background in JIB matrix model. 

This instability does not imply that it eventually decays into S'^ since the effective action 
is 0{N'^) in such a hmit. However this argument cannot be verified at the two loop level 
since the effective action for S'^ behaves as follows up to the two loop level 

aN'f + ^, (8.14) 

where a,b are 0(1). It is therefore possible to make it 0{N) by choosing l//*^iV^ to be 
0(1) which is the same order with 4d manifolds. However we argue that this is a two loop 
artifact since the n loop contribution can be estimated as (1//^A^)"~^ and hence we need to 
adopt 1 / f^N as the 't Hooft couphng. Nevertheless we cannot rule out the possible existence 
of instabihty of a simple product space of S'^ x S'^. In this respect a more symmetric 4d 
spacetime such as OP^ = SU (3)/C/(2) is interesting and it may not suffer from the instabihty 
found here since SU (3) symmetry permits only the over all scale factor of the background 
[5, 14]. It is also likely that a manifold with higher symmetry may lower the effective action 
of I IB matrix model. 
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Appendix A 

In this appendix, we evaluate the two loop effective action of IIB matrix model in the x 
S"^ X S'^ background (7.6). Our calculation which is an extension of those in [7] incorporates 

the asymmetric scale factors. The result in the 5^ x 5^ background (6.1) can be obtained 
by shrinking one of S'^'s. 

We expand quantum fluctuations in terms of the tensor product of the matrix spherical 
harmonics: 

jmpqst 
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jmpqst 

b — bjjnpqstiyjm Ypq ^ yst) J 

jmpqst 

C — Cjmpqst{yjm Ypq ^ yst) ■ (-^■-'-) 

jmpqst 

Here the sums of j, p and s run up to 2/i, 2/2 and 2/3 respectively. Then the propagators 
are derived from the kinetic terms of (2.8): 

jmpqst 

{^(P) = E {-rM~\Y3m®Ypq®Yst){Y^^®Yi,®Y}^), 

jmpqst 

<cb> ^ E ^{Yj^®Y,,®Y,t){Y^l0YX®Y},). (A.2) 

jmpqst 

We exclude the singlet state j — p — s — in the propagators. To calculate the leading 
contributions in the large N limit, we expand the boson and the fermion propagators as 



p2 pi ' p6 

p.p. PPf'T^ , , , 

We have introduced the following tensor 

I^, = i5^,P^ - P^,)fl + - P^,)fl + _ p^^)_^2_ 

The symbols " , ' and ~ denote the sub-spaces whose Lorentz indices /i run over (1, 2, 3), 
(4, 5, 6) and (7, 8, 9) respectively. We also introduce 

P-f-P = f^P' + f^P' + fiP'. (A.5) 

Using these propagators, we can calculate the contributions to the two loop effective action 
from various interaction vertices as follows. 
4-gauge boson vertex is 

14 = -^Tr[a^,a,]2. (A.6) 
The leading contribution to the two loop effective action is 

< >^ ^ - - T.^)> . (A.r) 
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We introduce the wave functions and averages as 
We define following functions: 

/ 1 \ 

Fi = 



tdAtdA / ' 

-'1 ^ 



9i 



91 



2 / p 



'P2-P-P, 



'Pl-P-P, 



2 / p 

t \ 



PfP? 



2 / p 

2 



Then 



Ghost vertex is 



Their contribution is 



Here 



and 



< -V^ >= -45Fi - 12^1 - 72c/i + 6^2- (A.IO) 

V,^Trh\p^\a^,c\\- (A-ll) 

\<V,V,>^F^-r^E^. (A. 12) 

^ ^ / P2-P3 \ 
VlPlPlIp 

p,-i{j)-Pk^pti,.{Pj)p;:. (A.14) 



3-gauge boson vertex is 

Their contribution is 
1 



Vs^-TrP^a,[a^,a,]. (A.15) 



2 < ^^^3^3 > = 9Fi - 9F2 + I2F3 + 8g[ - 4g[ + 2g2 

+32//1 - 36i/2 - I6//3 + I2//4 - 4i/5. (A.16) 
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Newly introduced functions are defined as 

'Pi-P-Pi\ 



9i 



9i 



Hi 

H5 



Fermion vertex is 

Their contribution is 
1 



\ p4 p2 p2 / ' 
\ 1 2 3 / p 

^i-^E(2i + l)(2p+l)(2s + l) 



X 



/i^j(J + 1) + /2Mp+1) + /3M^+1) 
[/f J(J + 1) + /2MP + 1) + /aM^ + 1)] 

^i-^E(2i + l)(2p+l)(2s + l) 



4' 



N 



X 



/^•(j + i) + /2Mp + i) + /3Mg + i) 

[/? J(J + 1) + /2MP + 1) + + 1)]" 

' Pi-/(2)-Pi \ 

, i^fi^lA^ /p' 
'P2-/(l)-P3\ 



' Pi-m-Pi 

, PtP^Pi , 
' P2-i{i)-P^ 



<VfVf> = -64F2 + (-16^; + 8^2 + 16F3 + 32i/4) 

-32F3 + 6Ag[ + 32g[ - 16^2 + 64/^2 + 64i/3- 



(A. 17) 



(A. 18) 



(A.19) 



After summing up (A. 10), (A. 12), (A. 16) and (A.19), we find the 2-loop effective action: 



^2-ioop = 4:Fs + 32Hi + 32H2 + A8Hs + {12 + 32) H^-AH5 
= 4F3. 



(A.20) 



It is because 



H1 + H2 = 0, 
Hs + H^ = 0, 
H^-H^ = 0. 



(A.21) 
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The exphcit form of F3 is 

(2ji + l)(2pi + l)(2si + 1) + 1) + flvM + 1) + + 1)] 



X- 



X 



[fhiUi + 1) + fhi{Pi + 1) + fh,{s, + 1)]' 

(2j2 + l)(2p2 + l)(2S2 + l) 



X 



[/f J2(J2 + 1) + /|P2(P2 + 1) + fls2{s2 + 1)] 

(2j3 + l)(2p3 + l)(2s3 + l) 

[fhzih + 1) + /IP3(P3 + 1) + /|S3(S3 + 1)] 



A f f f ? ? f r f ? ■ (^-22) 

n ti n ] y h h h } [ h h h J 
In the large N limit, we can use the following approximations 

jiUi + 1) ji, 
E ^ / ^ii' 

^?{]; I }' - (A.23) 
We also define new variables as 

x = jl Y = jI Z = jI 
l = pI, m = pI n = pI 

A^sl, B^sl C = sj. (A.24) 
Finally F3 assumes the following expression 



F. = , „ , / dXdYdZdLdMdNdAdBdC 



Jo 



qfriX + qlr2L + qlr^A 



X 



(gfiriX + gf2r2L + q^r^AY 

1 



where 



(giriF + ^2^2^ + q2,r^B){qiriZ + q2r2N + gsrsC) 
xH/(X, F, Z)W{L, M, iV)W^(A 5, C), (A.25) 



(l2l2\^ fhhV' 
^1= 7^ ' ^2 = , ^3 



,^2^3 7 \hh J \hl: 



2 , 



//i/iV //j/aV //3/3V ,4ofii 
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